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A DIMENSION BOUND FOR SUBSPACES OF
SYMMETRIC BILINEAR FORMS IN TERMS
OF THE NUMBER OF DIFFERENT RANKS
ROD GOW
Abstract. Let K be a field of characteristic different from 2 and let V be
a vector space of dimension n over K. Let M be a non-zero subspace of
symmetric bilinear forms defined on V × V and let rank(M) denote the set
of different positive integers that occur as the ranks of the non-zero elements
of M. Setting r = | rank(M)|, the main result of this paper is the inequality
dimM ≤ rn − r(r − 1)/2 provided that |K| ≥ n. The case | rank(M)| = 1
corresponds to a constant rank space, for which the bound dimM≤ n holds.
1. Introduction
Let K be a field of characteristic different from 2 and let V be a vector space of
finite dimension n over K. Let Symm(V ) denote the K-vector space of symmetric
bilinear forms defined on V × V .
LetM be a subspace of Symm(V ). Given f ∈ M, we let rank f denote the rank
of f and rad f denote the radical of f .
Definition 1. LetM be a non-zero subspace of Symm(V ). We let rank(M) denote
the set of different integers that occur as the ranks of the non-zero elements of M.
If M is the zero subspace, we set rank(M) = 0.
Thus rank(M) = {rank f : f ∈ M, f 6= 0}, where we only include the different
ranks that occur. Clearly, we have rank(N ) ≤ rank(M) when N is a subspace of
M.
The purpose of this paper is to show how | rank(M)| bounds dimM in terms of
n in this symmetric case. Our main result is that if |K| ≥ n, then
dimM≤ | rank(M)|n−
| rank(M)|(| rank(M)| − 1)
2
.
We mention one special case that was the original motivation of our investiga-
tions. Suppose that | rank(M)| = 1. Then rank(M) consists of a single integer, r,
say, where 1 ≤ r ≤ n. We say that M is a constant rank r subspace of Symm(V ).
We show that ifM is a constant rank r subspace of Symm(V ), then dimM≤ n
provided that |K| ≥ r + 1. We have previously given a proof of a more general
constant rank dimension bound for finite fields in [1].
2. preliminaries
We begin with a definition.
Definition 2. Let M be a subspace of Symm(V ). We put
I(M) = {v ∈ V : f(v, v) = 0 for all f ∈M}.
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We call I(M) the set of common isotropic points for M in V .
We note that, as we are assuming that K has characteristic different from 2,
I(M) = V if and only if M is the zero subspace. For, if a symmetric bilinear form
f satisfies f(v, v) = 0 for all v ∈ V , then f = 0.
The following theorem, which is a consequence of Theorem 1 of [2], underlies our
approach to bounding dimM in terms of | rank(M)|.
Theorem 1. Let M be a non-zero subspace of Symm(V ) and let r be the largest
integer in rank(M). Suppose that r < n. Then if f is an element of M with
rank f = r and |K| ≥ r + 1, we have rad f ≤ I(M).
We remark that Theorem 1 also holds if K has characteristic 2, but the study of
I(M) has proved to be less effective in characteristic 2, largely because if M is a
subspace of alternating (and hence symmetric) bilinear forms, then all vectors are
common isotropic points forM. See, for example, the paper [3] for some dimension
bounds in characteristic 2.
Next, we introduce a simple idea which has proved to be useful for our work on
the relationship between dimM and | rank(M)|.
Let V ∗ denote the dual space of V and let u be any vector in V . We define a
linear transformation ǫu :M→ V
∗ by setting
ǫu(f)(v) = f(u, v)
for all f ∈M and all v ∈ V .
Let Mu denote the kernel of ǫu. This is the subspace of M consisting of all
those forms f such that u ∈ rad f .
The following estimate for dimMu follows from the fact that dimV ∗ = n. See,
for example, Lemma 2 of [4].
Lemma 1. For each element u of V , we have
dimMu ≥ dimM−n.
3. Constant rank bound
We have enough tools to prove our constant rank dimension bound.
Theorem 2. Let M be a constant rank r subspace of Symm(V ). Then if K has
characteristic different from 2 and |K| ≥ r + 1, we have dimM≤ n. When r = n,
the bound dimM≤ n holds for all fields K without exception.
Proof. Suppose first that r = n. It follows that Mu = 0 for all non-zero elements
u of V , since any non-zero element of Mu has rank less than n. Lemma 1 implies
that dimM≤ n.
For the rest of the proof, we shall assume that r < n and that M 6= 0. Suppose
that there is some non-zero element w in V with dimMw ≥ 1. There is then some
non-zero f in M with w ∈ rad f . Thus, provided that |K| ≥ r + 1, it follows from
Theorem 1 that w ∈ I(M). Now I(M) 6= V and hence there exists some v in V
with Mv = 0. Lemma 1 again implies that dimM≤ n. 
4. Dimension bound in terms of | rank(M)|
We use the idea underlying the proof of the constant rank dimension bound of the
previous section to obtain a general dimension bound.
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Theorem 3. Let M be a subspace of Symm(V ). Then provided that K has char-
acteristic different from 2 and |K| ≥ n, we have
dimM≤ | rank(M)|n−
| rank(M)|(| rank(M)| − 1)
2
.
Proof. We set r = | rank(M)| and proceed by induction on r. The result is trivially
true when r = 0 and is also true when r = 1 by Theorem 2. We can therefore
assume that r ≥ 2.
Suppose first thatM contains elements of rank n. Then for any non-zero element
u of V , | rank(Mu)| ≤ r−1, and each element ofMu contains u in its radical. Let U
be the one-dimensional subspace of V spanned by u and let W be any complement
of U in V .
Given f in Mu, let f ′ denote its restriction to W ×W . Since u ∈ rad f , f ′ has
the same rank as f and the map sending f to f ′ is an injective linear transformation
from Mu into a subspace, M
′
u
, say, of Symm(W ).
Clearly, | rank(Mu)| = | rank(M
′
u
)| and dimMu = dimM
′
u
. By induction,
dimM′
u
≤ | rank(M′
u
)|(n− 1)− (| rank(M′
u
)|)(| rank(M′
u
)| − 1)/2
and therefore we have
dimMu ≤ (r − 1)(n− 1)−
(r − 1)(r − 2)
2
= (r − 1)n−
r(r − 1)
2
.
Lemma 1 yields that dimM≤ dimMu+n and we obtain the bound
dimM≤ (r − 1)n−
r(r − 1)
2
+ n = rn−
r(r − 1)
2
,
as required.
Suppose next that M contains no elements of rank n. Let m be the largest
integer in rank(M). Let u, as above, be any non-zero element of V . If we follow
the proof of Theorem 2, we see that if Mu contains an element of rank m, then
u ∈ I(M). We deduce that there exists some element w, say, in V such that Mw
contains no element of rank m.
Thus | rank(Mw)| ≤ r − 1 and we may repeat the argument above to obtain
dimM≤ rn− r(r − 1)/2, thus completing the proof.

We remark that the bound in Theorem 3 is optimal in some non-trivial cases.
For example, if we take M to be Symm(V ) itself, then dimM = n(n + 1)/2 and
| rank(M)| = n. In this case, the inequality given by Theorem 3 is an equality.
We now give a further example which shows that our dimension bound is rea-
sonable in other cases. Let r be a positive integer such that n ≥ 2r. LetM′ be the
subspace of all n× n symmetric matrices of the form(
0 A
AT 0
)
,
where A runs over all r × (n − r) matrices with entries in K, and AT denotes the
transpose of A.
Such a matrix has rank 2s, where s is the rank of A (and hence 0 ≤ s ≤ r).
Thus | rank(M′)| = r and dimM′ = r(n − r). M′ defines a subspace M, say, of
Symm(V ), with dimM = dimM′ = r(n− r) and | rank(M)| = | rank(M′)| = r.
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The bound for dimM given by our theorem differs from the exact dimension by
r(r + 1)/2. Thus, for small values of r, we have a reasonably accurate dimension
bound.
It is probably unrealistic to expect an upper bound for dimM in terms of
| rank(M)| that works well for all possible distributions of ranks. We need to
know what integers occur in rank(M) to obtain better bounds.
5. Dimension bound in the non-symmetric case
The theorem we have obtained in the symmetric case can be used to deduce di-
mension bounds in terms of ranks for subspaces of matrices, as we now show.
Theorem 4. Let Mm×n(K) denote the space of m× n matrices over the field K,
where m ≤ n. Let M be a subspace of Mm×n(K). Then if K has characteristic
different from 2 and |K| ≥ m+ 1, we have
dimM≤ | rank(M)|(m+ n)−
| rank(M)|(| rank(M)| − 1)
2
.
Proof. Given A ∈M, we consider the (m+n)×(m+n) symmetric matrix A′ given
by
A′ =
(
0 A
AT 0
)
,
where AT denotes the transpose of A.
We have rankA′ = 2 rankA, and the setM′ of all such matrices A′ is a subspace
of (m+n)×(m+n) symmetric matrices of dimension dimM. The dimension bound
then follows from Theorem 3, since (m+ n)× (m+ n) symmetric matrices over K
correspond to symmetric bilinear forms defined on a space of dimension m+ n.

We expect that Theorem 4 is unlikely to be a very precise bound.
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